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Abstract. We present an analysis based on the deformed Quasi Particle Random Phase
Approximation, on top of a deformed Hartree-Fock-Bogoliubov description of the ground state,
aimed at studying the isoscalar monopole and quadrupole response in a deformed nucleus. This
analysis is motivated by the need of understanding the coupling between the two modes and how
it might affect the extraction of the nuclear incompressibility from the monopole distribution.
After discussing this motivation, we present the main ingredients of our theoretical framework,
and we show some results obtained with the SLy4 and SkM∗ interactions for the nucleus 24Mg.
1. Introduction
The nuclear Equation of State (EoS) plays a fundamental role in the description and
understanding of several properties of atomic nuclei and astrophysical compact objects [1].
However, its knowledge is, from a quantitative point of view, far from being sufficiently enough
well determined. One of the key quantities needed to better constrain the EoS is the nuclear
matter incompressibility, e.g. the curvature of the symmetric nuclear matter EoS, which is
closely related to the compressional modes of atomic nuclei [2].
The emergence of collective excitations is a common feature of many-body systems. In atomic
nuclei, the most collective excitations are the Giant Resonances (GRs), described as a coherent
motion to which many nucleons participate [3]. The Isoscalar Giant Monopole Resonance
(ISGMR), known also as the breathing mode, is a typical example of collective excitation whose
centroid energy is related to the nuclear incompressibility. The properties of GRs are also
considerably affected by the shape of the nucleus and in particular by its deformation. A very
well known example is the Isovector Giant Dipole Resonances, whose strength distribution is
split in two peaks, corresponding to a vibration along or perpendicular to the symmetry axis.
The distance in energy between these two peaks is related to the corresponding deformation of
the nucleus [4].
Deformation also affects the ISGMR and we aim at dicussing such effects in view of existing
and future experimental results on deformed nuclei. The available measurements of the ISGMR
done in closed-shell nuclei (mainly 208Pb) tend to point toward a value of nuclear compressibility
of K∞ ≈ 240 ± 20 MeV [5], while other measurements done in open-shell nuclei point to lower
values of the nuclear matter incompressibility and the effect of deformation has still to be
investigated.
In the case of the ISGMR, deformation produces a coupling of the K = 0 component of the
Isoscalar Giant Quadrupole Resonance (ISGQR) with the ISGMR itself, K being the projection
of the total angular momentum on the symmetry axis [6]. How this coupling might affect the
extraction of the nuclear incompressibility is still to be investigated and understood. In this
work, we show some preliminary results in this direction.
2. Methodology and Results
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Figure 1. HFB potential energy surface, ob-
tained with the SkM∗ and SLy4 interactions,
as a function of the axial deformation param-
eter β, defined in Eq. (2), for 24Mg.
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Figure 2. Monopole strength functions
obtained for the SLy4 force. Red solid (black
dashed) lines correspond to the deformed
(spherical) solution.
We briefly summarise the main features of our calculations, and for more details we refer
to Ref. [7]. The first step in our methodology consists in solving the Skyrme- Hartree-Fock-
Bogoliubov (HFB) equations for an axially deformed system in a finite deformed harmonic
oscillator basis by using the HFBTHO code [8]. A density-dependent pairing delta interaction,
that is,
Vpair
(
r, r′
)
= V0
[
1 + γ
ρ (r)
ρc
]
δ
(
r− r′
)
, (1)
is used in the particle-particle channel. The values of the parameters are Vpair = −280 MeV
fm3, ρc = 0.16fm
−3 and γ = 0.5. In the particle-hole channel we use a standard Skyrme
functional [9].
The total energy is minimized under the constraint of a fixed quadrupole moment to which
we associate the β parameter defined as
β =
√
π
5
< Qˆ >n + < Qˆ >p
〈r2〉n + 〈r
2〉p
, (2)
where < Qˆ>q is the average value of the quadrupole–moment operator for protons (p) and
neutrons (n). This step allows to determine the β value for which the minimal energy of the
system is obtained. The potential energy curves for the SkM∗ [10] and SLy4 [11] interactions are
shown in Fig. 1 as a function of β. In both cases we see a minimum corresponding to the prolate
deformation β ≈ 0.4. For this particular choice of interactions, we observe that the solution for
the ground state is not superfluid.
The next step consists in calculating the nuclear response by using the Quasi Particle Random
Phase Approximation (QRPA) approach [12]. The QRPA calculation is carried out on top of
the HFB solution corresponding to the absolute minimum of the potential energy. The QRPA
excited states |λ〉 are described in terms of the excitation operators
Q†λ =
∑
K<K ′
(
XλKK ′α
†
Kα
†
K ′ − Y
λ
KK ′αK ′αK
)
, (3)
normalized as ∑
K<K ′
(
(XλKK ′)
2 − (Y λKK ′)
2
)
= 1 , (4)
where α†K , αK are the quasiparticle creation and annihilation operators, respectively, and the
pairs are such as Ω = ΩK + ΩK ′ and π = πK · πK ′ . Here, Ω is the projection of the angular
momentum on the symmetry axis z and π is the parity. The X and Y amplitudes together with
the energies of the excited states are obtained by solving the QRPA eigenvalue problem in the
matrix form (
A B
−B∗ −A∗
)(
Xλ
Y λ
)
= ωλ
(
Xλ
Y λ
)
. (5)
We will focus here on the isoscalar quadrupole and monopole strengths whose transition
operators are defined as
Fˆ ISJ=2,K =
eZ
A
A∑
i=1
r2i Y2K (rˆi) , Fˆ
IS
J=0,K=0 =
eZ
A
A∑
i=1
r2i . (6)
In Fig. 2 we compare the QRPA results for the SLy4 force, obtained at the deformed minimum
β ≈ 0.4 and at the spherical limit β = 0. For sake of comparison, we plot the folded monopole
strength functions
S (E) =
∑
λ
Γ/2
π
∣∣∣〈λ| Fˆ |0〉∣∣∣2
(E − Eλ)
2 + Γ2/4
, (7)
where Γ = 2 MeV has been used as a smoothing parameter The effect of the deformation is
clearly seen, as it leads to a splitting of the main peak obtained in the spherical solution, and
to the two peaks observed in the deformed case.
For the sake of further analysis, we plot in Figs. 3 and 4 the unfolded QRPA strength
distributions corresponding to isoscalar monopole and quadrupole operators, in the upper and
lower panels, respectively. For both interactions, the QRPA calculations are performed at the
deformed minimum shown in Fig. 1. The monopole strength shows, in both cases, two main
peaks located at 17.76 and 24.29 MeV for SLy4 and 17.62 and 24.03 MeV for SkM∗. The lower
state is also excited by the quadropole operator as it can be seen in the lower panels of the two
figures. The Energy Weighted Sum Rules are preserved within less than 1% [13].
In order to have a deeper insight on the nature of these states, we analyze below the transition
densities
ρλ(~r) = δρλ(r, z)e
−iKφ , (8)
where K is the total angular momentum projection of the excited state and r, z and φ are the
cylindrical coordinates.
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Figure 3. Monopole (upper
panel) and quadrupole (lower
panel) strength distribution ob-
tained for the SLy4 interaction.
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Figure 4. Monopole (upper
panel) and quadrupole (lower
panel) strength distribution ob-
tained for the SkM∗ interaction.
In Figs. 7 and 8, we display the neutron and proton transition densities obtained in the
SLy4 case for the state at 17.76 MeV, while in Figs. 5 and 6 we show the neutron and proton
transition densities for the state located at 24.29 MeV.
For both states, we observe the expected behaviour for isoscalar excitations, i.e. neutrons and
protons oscillating in phase. In the case of the monopole excitation (Figs 5 and 6) the oscillation
is along the radial axis, while in the the quadrupole case (Figs 7 and 8) the nucleons oscillate
along the axial z axis. For comparison, we plot also, in Figs. 9 and 10, the transition densities
of a non collective state (E ≈ 25.46 MeV) that clearly shows a different pattern, characterized
by several nodes. Similar results have been obtained using the SkM∗ interaction.
Conclusions and Outlook
We have presented some results, based on a deformed QRPA approach, for the monopole and
quadrupole strength distributions in the deformed nucleus 24Mg. Our study is motivated by the
need of understanding the compressional properties of deformed nuclei. To this aim, we wish
to disentangle the compressional properties associated with the ISGMR, from its coupling with
the K = 0 component of the ISGQR.
Our results show clearly the splitting of the monopole strength due to deformation. Moreover,
the transition densities of the collective states have been shown to be very instrumental to
indicate the character of states (compressional or not). In the near future, we plan to implement
Figure 5. Neutron transition
density δρλ(r, z) for the excited
state located at 24.29 MeV (see Fig.
3).
Figure 6. Proton transition
density δρλ(r, z) for the excited
state located at 24.29 MeV (see Fig.
3).
Figure 7. Neutron transition
density δρλ(r, z) for the excited
state located at 17.76 MeV (see Fig.
3).
Figure 8. Proton transition
density δρλ(r, z) for the excited
state located at 17.76 MeV (see Fig.
3).
a projection on the total angular momentum of the QRPA phonons. The projection would in
fact allow for a clear decoupling the two modes, providing a cleaner way to extract the monopole
peak energy. Work in this direction is on going.
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Figure 9. Neutron transition den-
sity δρλ(r, z) for the (non collective)
excited state located at 25.46 MeV
(see Fig. 3).
Figure 10. Proton transition den-
sity δρλ(r, z) for the (non collective)
excited state located at 25.46 MeV
(see Fig. 3).
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